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Abstract
We make a connection between the subgroup membership and identity problems for matrix
groups and extended finite automata. We provide an alternative proof for the decidability of the
subgroup membership problem for 2× 2 integer matrices. We show that the emptiness problem
for extended finite automata over 4×4 integer matrix semigroups is undecidable. We prove that
the decidability of the universe problem for extended finite automata is a sufficient condition
for the decidability of the subgroup membership and identity problems.
1. Introduction
Among the various extensions of classical finite state automata, extended finite automata over
a monoid M or M-automata have been investigated both implicitly and explicitly by many
researchers [2, 5, 9]. An M-automaton is a nondeterministic finite automaton equipped with
a register that is multiplied by an element of the monoid M at each step. The register is
initialized with the identity element of the monoid and a successful computation is the one
which ends in an accept state with the register being equal to the identity element.
In this paper, our aim is to make a connection between the theory of extended finite automata
and the subgroup membership and identity problems for matrix semigroups. Matrices play an
important role in various areas of computation, which makes it interesting to study decision
problems on matrices. Even for integer matrices of low dimension, many decision problems
become non-trivial for finitely generated infinite semigroups.
Let S be a matrix semigroup finitely generated by a generating set of square matrices F .
The membership problem is to decide whether or not a given matrix Y belongs to the matrix
semigroup S [7]. Equivalently, given a finite set of matrices F = {Y1, Y2, . . . , Yn} and a matrix
Y , the problem is to determine if there exists an integer k ≥ 1 and i1, i2, . . . , ik ∈ {1, . . . , n}
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such that Yi1Yi2 · · ·Yik = Y . The identity problem is a special case of the membership problem
where Y is restricted to be the identity matrix. Introduced by Mihailova [8], the subgroup
membership problem is one of the classical decision problems in group theory. Given elements
h1, h2, . . . , hn and g of a group G, the subgroup membership problem for H in G asks whether
g belongs to the subgroup H generated by h1, h2, . . . , hn. Note that the subgroup membership
problem for matrix groups is a special case of the membership problem.
For 2 × 2 integer matrices, the decidability of the membership problem is proven in [10]. For
3x3 matrices, both the identity and membership problems are still open. Undecidability of the
membership problem for 4 × 4 integer matrices is known for a long time due to a result by
Mihailova [8] whereas the undecidability of the identity problem is proven recently in [1, 6].
For our purposes, we define S-automata or extended finite automata over semigroups, gen-
eralizing the notion of M-automata from monoids to semigroups. The emptiness problem is
defined as the problem of deciding whether a given machine accepts any string. For 2× 2 inte-
ger matrices, by using the decidability of the emptiness problem of the corresponding extended
finite automata, we provide an alternative proof for the decidability of subgroup membership
problem. We show that the undecidability of the identity problem for 4 × 4 integer matrices
yields the undecidability of the emptiness problem for extended finite automata over semigroups
of 4 × 4 integer matrices. We also prove some results on the the decidability of the universe
problem for extended finite automata, the problem of deciding whether a given machine accepts
every string.
2. Background
2.1. Preliminaries
We denote by Zn×n the set of n×n matrices with integer entries. GL(n,Z) denotes the general
linear group of degree n over the ring of integers, equivalently the group of n × n invertible
matrices with integer entries. Note that these matrices have determinant ±1. Restricting the
matrices in GL(n,Z) to those that have determinant 1, we obtain the special linear group of
degree n over the ring of integers, SL(n,Z). We denote the free group over r generators by Fr.
Word problem for G is the subgroup membership problem for the trivial group generated by
1. In other words, given an element g ∈ G, the problem is to decide whether g represents the
identity element. The word problem language of G is the languageW (G,X) over A = X∪X−1
and consists of all words that represent the identity element of G. Most of the time, the
statements about word problem are independent of the generating set and in these cases the
word problem language is denoted by W (G).
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2.2. S-automaton
Let Q be the set of states, where q0 ∈ Q denotes the initial state, Qa ⊆ Q denotes the set of
accepting states, and let Σ be the input alphabet where Σε = Σ ∪ {ε}.
Let S be a semigroup. An S-automaton (extended finite automaton over S) is a 6-tuple
V = (Q,Σ, S, δ, q0, Qa)
where the transition function δ is defined as
δ : Q× Σε → P(Q× S).
δ(q, σ) ∋ (q′, m) means that when V reads the symbol (or empty string) σ ∈ Σε in state q, it
will move to state q′, and write xm in the register, where x is the old content of the register.
An S-automaton is in fact an extended finite automaton or a group/monoid automaton [3, 5]
where the group/monoid condition is loosened to a semigroup. In order to define the initial-
ization and acceptance steps, we need an identity element. If S is a monoid or a group, then
an identity element already exists and belongs to S. Otherwise, we define 1 to be the identity
element of S. The register of V is initialized with the identity element 1 and an input string
is accepted if, after completely reading the string, V enters an accept state with the content of
the register being equal to the identity element. Note that when S is not a monoid nor a group,
then V can accept only the empty string. Nevertheless, we define the concept of S-automaton
so that the machines in the proofs of Theorem 4.1 and 5.2 are constructed properly.
We denote by L(V ) the set of accepted strings by V . L(S) denotes the class of languages
recognized by S-automata.
Alternatively, monoid automata can be defined through rational subsets as in [4, 5] which we
discuss next.
A finite automaton F over a monoid M is a finite directed graph whose edges are labeled by
elements from M . F consists of a vertex labeled as the initial vertex and a set of vertices
labeled as the terminal vertices such that an element of M is accepted by F if it is the product
of the labels on a path from the initial vertex to a terminal vertex. A subset of M is called
rational if its elements are accepted by some finite automaton over M .
When M is a free monoid (such as Σ∗), then the accepted elements are words over Σ and the
set of accepted words is a language over Σ. Rational subsets of a free monoid are called rational
(regular) languages. Note that when M = Σ∗, then the definition coincides with the definition
of a finite state automaton.
An M-automaton V recognizing a language over alphabet Σ is a finite automaton F over the
monoid Σ∗ × M such that the accepted elements are (w, 1) where w ∈ Σ∗. This is stated
explicitly in the following proposition by Corson ([2], Proposition 2.2). The proof involves
constructing an M-automaton from a finite automaton over Σ∗ ×M and vice versa.
Fact 2.1 [2] Let L be a language over an alphabet Σ. Then L ∈ L(M) if and only if there
exists a rational subset R ⊆ Σ∗ ×M such that L = {w ∈ Σ|wR1}.
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3. Decidability of the subgroup membership problem for
Z
2×2
It is proven that the membership problem for subsemigroups of Z2×2 is decidable in [10]. In this
section, we provide an alternative automata theoretic proof for the decidability of the subgroup
membership problem for Z2×2.
For a finite index subgroup H of some finitely generated group G, it is known that L(H) = L(G)
[2]. We will go over the proof details and use Fact 2.1 to show that given a G-automaton, one
can construct an H-automaton recognizing the same language.
Lemma 3.1 Let G be a finitely generated group and let H be a subgroup of finite index. Any
G-automaton can be converted into an H-automaton recognizing the same language.
Proof. Let X be the generator set for G and let A = X ∪ X−1. Let V be a G-automaton
recognizing language L over alphabet Σ. Then there exists a rational subset R ⊆ Σ∗ ×G such
that L = {w ∈ Σ∗|wR1}. One can define the elements of G in terms of A to obtain a rational
subset R0 ⊆ Σ
∗ ×A∗.
Since H has finite index in G, W (G) ∈ L(H) ([2] Lemma 2.4). It follows that there exists a
rational subset S ⊆ A∗ ×H such that W (G) = {w ∈ A∗|wS1}.
Then the composition R0 ◦ S is a rational subset of Σ
∗ × H and it follows that L = {w ∈
Σ∗|w(R0◦S)1} ([2], Theorem 3.1). The detailed construction of the finite automaton recognizing
the composition is given in ([4], Theorem 5.3). Hence a finite automaton F over Σ∗ × H
recognizing L exists, from which an H-automaton V ′ recognizing L can be constructed. ✷
The following construction of a pushdown automaton simulating an F2-automaton is left as an
exercise in [5]. We present here some details of the construction.
Lemma 3.2 Any F2-automaton can be converted into a pushdown automaton recognizing the
same language.
Proof. Let V be an F2-automaton recognizing language L over Σ with the state set Q and let
X = {a, b} be the generator set for F2. Let us construct a pushdown automaton V
′ recognizing
the same language with the stack alphabet X . Let (q′, f) ∈ δ(q, σ) be a transition of V where
q, q′ ∈ Q, σ ∈ Σε and f ∈ F2 such that f = f1f2 . . . fn where fi ∈ A = X ∪X
−1 for i = 1 . . . n.
In V ′, we need an extra n states q1 . . . qn /∈ Q to mimic each given transition of V . If fi = a or
fi = b, then this corresponds to pushing a or b to the stack, respectively. Similarly, if fi = a
−1 or
fi = b
−1, then V ′ pops a or b from the stack. Each single transition of V is accomplished by the
pushdown automaton V ′ by going through the extra states and pushing and popping symbols.
Initially, the register of V is initialized with the identity element of F2, which corresponds to
the stack of V ′ being empty. The acceptance condition of V , which is ending in an accept state
with the register being equal to the identity element is realized in V ′ by starting with an empty
stack and accepting with an empty stack in an accept state. We conclude that V ′ recognizes
language L. ✷
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Theorem 3.3 Let H be a finitely generated subgroup of G. If the emptiness problem for G-
automata is decidable, then the subgroup membership problem for H in G is decidable.
Proof. The subgroup membership problem for H in G is the problem of deciding whether a
given element g ∈ G belongs to H . We are going to construct a G-automaton V1 and show
that g ∈ H iff L(V1) is nonempty. V1 has two states: the initial state q1 and the accept state
q2. The transition function of V1 is defined as δ(q1, a) = (q2, g) and δ(q2, a) = (q2, hi) for each
i = 1 . . . n where the set {h1, . . . , hn} generates H .
q1 q2
a, g
a, hi
Figure 1: State transition diagram of V1
If g ∈ H , then it is also true that g−1 ∈ H since H is a group. There exists an integer k ≥ 1
and i1, i2, . . . , ik ∈ {1, . . . , n} such that hi1hi2 · · ·hik = g
−1. The string ak is accepted by V1 as
the register is initially multiplied by g and there exists a product of elements yielding g−1, from
which we can conclude that the identity element can be obtained through a series of transitions
of the machine V1. Hence, we can conclude that L(V1) is nonempty.
For the other direction, assume that L(V1) is nonempty, which means that some input string
is accepted by V1. Since the acceptance condition requires that the product of the elements
multiplied by the register of V1 is equal to the identity element and the register is initially
multiplied by g, we can conclude that H contains g−1. Since H is a group, g ∈ H as well.
Now suppose that the emptiness problem for G-automaton is decidable. Then one can check if
g is an element of H by constructing V1 and checking if L(V1) is nonempty. Hence, the subgroup
membership problem for H is also decidable. ✷
Theorem 3.4 Given a matrix Y from Z2×2 and a subgroup H of Z2×2, it is decidable whether
Y belongs to H.
Proof. We are going to show that the emptiness problem for Z2×2-automaton is decidable and
use Theorem 3.3 to conclude the result.
Suppose that a Z2×2-automaton V is given. When V processes an input string, its register
is initialized by the identity matrix and multiplied by matrices from Z2×2. Suppose that in a
successful computation leading to acceptance, the register is multiplied by some non-invertible
matrix Y . Since Y is non-invertible, the register can not be equal to the identity matrix again
and such a computation can not be successful. Any such edges labeled by a non-invertible
matrix can be removed from V , without changing the accepted language. We can conclude
that the matrices multiplied by the register are invertible and belong to GL(2,Z) and V is in
fact a GL(2,Z)-automaton.
Since F2 has finite index in GL(2,Z), one can construct an F2-automaton recognizing L(V ) by
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Lemma 3.1. The F2-automaton can be converted to a pushdown automaton V
′ using the pro-
cedure described in Lemma 3.2. Since the emptiness problem for pushdown automata is known
to be decidable, we conclude that the emptiness problem for Z2×2-automata is also decidable
since a Z2×2-automaton can be converted to a pushdown automaton. Then by Theorem 3.3,
the result follows. ✷
4. Undecidability of the emptiness problem for Z4×4-automata
In [6], it is proven that the identity problem is undecidable for a semigroup generated by eight
4× 4 integer matrices. Using this fact, we prove that the emptiness problem is undecidable for
the corresponding semigroup automaton.
Theorem 4.1 Let S be a finitely generated semigroup. If the emptiness problem for S-automata
is decidable, then the identity problem for S is decidable.
Proof. We are going to construct an S-automaton V2 and show that S contains the identity
element iff L(V2) is nonempty. V2 has two states: the initial state q1 and the accept state q2.
The transition function of V2 is defined as δ(q1, a) = (q2, si) and δ(q2, a) = (q2, si) for each
i = 1 . . . n where {s1, s2, . . . sn} is the generator set for S.
q1 q2
a, si
a, si
Figure 2: State transition diagram of V2
If S contains the identity element, then there exists an integer k ≥ 1 and i1, i2, . . . , ik ∈
{1, . . . , n} such that si1si2 · · · sik = 1. Then the string a
k is accepted by V2 as there exists a
product of elements yielding the identity element and this product can be obtained by a series
of transitions. Hence, we can conclude that L(V2) is nonempty. For the converse, suppose that
L(V2) is nonempty, which means that some input string is accepted by V2. Since the acceptance
condition requires that the product of the elements multiplied by the register of V2 is equal to
the identity element, we can conclude that S contains the identity element.
Now suppose that the emptiness problem for S-automaton is decidable. Then one can check if
S contains the identity element by constructing V2 and checking if L(V2) is nonempty. Hence,
the identity problem for S is also decidable. ✷
The identity problem for Z4×4 is shown to be undecidable for a semigroup of 48 matrices in [1].
Later on, the result is improved to eight matrices in [6].
Fact 4.2 [6] Given a semigroup S generated by eight 4 × 4 integer matrices, determining
whether the identity matrix belongs to S is undecidable.
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Using this result, we obtain the following corollary about the emptiness problem for extended
finite automata over semigroups of Z4×4.
Corollary 4.3 Let S be a subsemigroup of Z4×4 generated by eight matrices. The emptiness
problem for S-automaton is undecidable.
Proof. By Fact 4.2 we know that the identity problem for S is undecidable. By Theorem 4.1,
the result follows. ✷
5. Universe problem for S-automata
In this section we prove some results connecting the universe problem for S-automata and the
subgroup membership and identity problems for S.
Theorem 5.1 Let H be a finitely generated subgroup of G. If the universe problem for G-
automata is decidable, then the subgroup membership problem for H in G is decidable.
Proof. We are going to construct a G-automaton V2 and such that g ∈ H iff L(V3) = Σ
∗ where
Σ = {a}. {h1, h2, . . . hn} is the generator set for H .
q1 q2
a, g
a, hi
ε, hi
Figure 3: State transition diagram of V3
The rest of the proof is similar to the proof of Theorem 3.3 and omitted here. ✷
Theorem 5.2 Let S be a finitely generated semigroup. If the universe problem for S-automata
is decidable, then the identity problem for S is decidable.
Proof. We are going to construct an S-automaton V4 such that S contains the identity element
iff L(V4) = Σ
∗ where Σ = {a}. {s1, s2, . . . sn} is the generator set for S.
q1
a, si
ε, si
Figure 4: State transition diagram of V4
The rest of the proof is similar to the proof of Theorem 4.1 and omitted here. ✷
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Let us note that the converses of Theorem 5.1 and 5.2 are not true. For a given pushdown
automaton, an F2-automaton recognizing the same language can be constructed [5]. It is a well
known fact that the universe problem for pushdown automata is undecidable from which we
can conclude that the universe problem for F2-automaton is undecidable. On the other hand,
F2 is a subgroup of SL(2,Z) and the membership problem for SL(2,Z) and thus the identity
problem are known to be decidable [6].
6. Future work
It is still not known whether the membership and identity problems are decidable for semigroups
of 3 × 3 integer matrices. Recent results from [6] suggest that these problems are more likely
to be decidable. We propose that investigating the decidability of the emptiness and universe
problems for extended finite automata defined over 3 × 3 integer matrices is one possible way
for obtaining results about the decision problems on these matrix semigroups.
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